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1. Pat van dé

Trong thuc té tinh toan két ciu, ching ta thuong phai phan tich bai toan phi tuyén. Bai toan nay
dua vé giai phuong trinh chta cac s hang phi tuyén ddi Voi an sb. N6i chung, khong thé giai mot
cach chinh xac duéi dang dong nhitng phuong trinh phi tuyén ma phai dung cac thuat toan ddang dan,
trong d6 tiéu chuan hoi tu 1a van dé can quan tam.

Trong phuong phap phan ta hitu han (PTHH), tai trong tac dung Ién hé duoc thay thé gan ding
bing mot hé lyc dat tai cAc nat cua phan tir (goi 1a lyc ndt twong duong bén ngoai). Twong tu, céc
thanh phan tng suat cua hé c6 thé dugc thay thé gan ding bang mot hé luc dat tai cac nat cua phan ti
(tam goi la lyc nut tuong duong bén trong).

Theo nguyén tic can bang cua h¢ thi hai h¢ luc nay phdi can bing nhau. Tuy nhién, trong cac buac
lap cua bai toan phan tich phi tuyén, sy chénh léch giira hai hé lyc ndy ludn ton tai va c6 xu huéng
giam dan khi sé vong lap tang 1én. Khi d6 chénh léch nay nhé hon maét gia tri quy dinh, ta néi bai toan
hoi tu.

Bai bdo nhim xac dinh lyc nat twong dwong bén trong cua phan tir chir nhat trong trang théi tng
suat phing. Pay la dang bai todn c6 pham vi &ng dung twong dbi rong réi trong nganh xay dung, ché
tao may bay, dong tau...

2. Co sé' ly thuyét
a. Phuong trinh can bing cua hé PTHH & vong lap i ¢6 thé viét:
RI-F'=0 (1)

Trong dé: R' va F' la vécto lyc nit twrong duong bén ngoai va bén trong cua hé ¢ vong lap i.

Gia sir 1oi giai tai vong lap i d4 biét, cin xac dinh 15i giai tai vong lap (i+1).

Viét lai (1) cho vong lap (i+1):

Ri+1 _ Fi+1 — 0 ’ (2)
Vi loi giai tai vong lap i da biét nén ta co:
F''=F'+F (3)

Vi F la s6 gia lyc nat tuong duong bén trong.
Mait khac, vécto F c6 thé dugc viét:
F=K'.U 4)
Trong d6: K' 1a ma tran dé cirng cua hé & vong lap thir i va U 1a vécto gia sé chuyén vi nat.
Thay (3), (4) vao (2):

K'.U=R"_F! (5)
Tur do, tinh duoc chuyén vi tai vong lap i+1:
u*=U'+U (6)

Véi U la nghiém cua (5). .
Vong l@p trén day duoc dung cho nhieu phuong phap khac nhau. Trong do, phuong phap Newton-
Raphson (xem hinh 1) dugc diung phé bién vi c6 d6 hdi tu cao.
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Hinh 1. Phuwong phap lzp Newton - Raphson



Nghiém cua (5) la chuyén vi gy ra bai hiéu sé giira luc nat tirong dwong bén ngoai ¢ vong lap dang
xét va lyc nut twong dwong bén trong ¢ vong lap trudc. Do vay, viéc xac dinh luc nat twong duong
bén trong tai moi vong lap 1a van dé can thiét doi vaoi viéc giai bai toAn PTHH phi tuyén theo phuong
phap lap.

b. Xét phan tir tir giac 4 nat dinh vi trong hé toa do Oxy, ¢6 trang thai tng suat phang. Dé tién
tinh toan, ta sir dung phan tir tham chiéu dinh vi trong hé toa d6 O&n. Trong hé nay, cac
thanh phan toa d6 £ va n caa nhirng diém trén phan tir tham chiéu mang cac gia tri trong doan
[-1, 1] (xem hinh 2a va 2b).
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Hinh 2a. Phdn ti thuc Hinh 2b. Phan ti tham chiéu

Mbi quan hé giira toa do mot diém M(x,y) cua phan tir thyc trong hé Oxy va diém twong tng
M’(&,n) cua phan tir tham chiéu trong hé Oé&n:

X=iNi(f§,77)-Xi
Y=i'\|i(f§ﬂ7)-yi

Vi N; 1a cac ham dang cua phan ta. ‘
c. Lyc nit twong duwong bén trong cua phan tir theo [1]:

~ [[8] o }-dv (8)

Trong d6: [B] 1a ma tran dao ham; {F<} gdom céc thanh phan lyc nit twong duong theo phwong x, y
cta céc nut.

VAn dé dat ra la 1am thé nao dé tinh duoc (8) khi két qua cua bai toan PTHH khong phai la cac
ham wng suat ma | c4c tri sé ung suét roi rac tai cac diém nat:

lo.}=

(7)
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d. Thay vi phén thé tl'ch dv bai (e dx dy), vai e la chiéu day phan ti; (8) tré thanh:

I[B] }.e.dx.dy (10)
Vi quan he (7), d6i bién sé trong tinh tich phan kép vai:
Xx=x(mn) _
B[ {o}.]9].d&.dyp (1)
{ NIGEE

Vi Jla matran Japobl.
Truong hop phan tir chit nhat:

oa=y= 1 .
B] {o}.[3].d¢.dn (12)
= ffer e
Tich phan (12) c6 thé tinh gan ding bing phuong phéap Gauss:
11 r r
[[fEmdsdn=Y > w.w . fEn) (13

11 i=1 j=1

Vi



(&, 1) - Toa d6 cac diém Gauss nam trén dién tich ctia phan tir tham chiéu, c6 gia tri thugc doan [-
1,1];

Wi, W; - Trong s6 trng véi diém Gauss c6 toa do (&, 17);

r - S6 diém Gauss nam trén mét phuong & hoic 7.

Ta chon r = 2 thi toa d6 diém Gauss la + 0,577350269189626 va trong sé twong &ng la 1.

Nhu vay, ta c6 thé tinh dwoc lyc nit twong duong bén trong cua phan tir tir ng suat tai céc nat theo
(13).

Ghép cac lyc nat twong duong bén trong cua cac phan tir {F.}, ta s& c6 ma tran lyc ndt twong
duong bén trong cua hé {F}.
3. Vidu

Xét vach cung chiu tai trong ngang, lién két ngam & chan c6 kich thudc nhu hinh 3. Vat liéu c6
modun dan hdi E = 2,65.10° KG/m?; hé sé poisson 1a 0,3.
- Chia hé thanh 4 phan tir va danh sé niat va phan tir nhu hinh 3.
- Ma tran lyc nat tuong duong bén ngoai tur tai trong da cho:

{R}T = {rlx r1y r2x r2y r3x r3y r4x r4y r5x r5y r6x r6y r7>< r7y r8x r8y r9x rgy}
{R}' ={l0000 0 0 0 0 O 20000 0 0 0 O O 10000 0 0 0 0 O}
- Lap trinh va tinh toén theo tich phan (13), ta c6 ma tran lyc ndt tuong duong bén trong:
{F}Tz{flx fly fzx f2y f3x f3y f4x f4y f5x f5y fex fGy f7x f7y fax f8y f9x f9y}
{F}" ={-12318 -40378 1541 756 —16140 39621 200000 0 0 0 0 100000 0 0 0 0}
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Hinh 3. Vi du

Nhan xét:
- Tai c4c nat khodng co6 lién két (4, 5, 6, 7, 8, 9): {R} va {F} can bing nhau;
- Lyc nat twong duong bén ngoai ri, thuc ra khéng gay ra noi luc trong hé. Do vay, cong gié tri ry
vao fi cua {F}, ta co:
{F*}T ={-22318 —40378 -1541 756 —16140 3962120000 0 0 0 0 0 100000 0 0 0 O}

LGc nay, cac gié tri fi, fiy (i = 1+3) chinh la cac phan luc cua hé tai cac nut lién két.
4. Két luan
- Lyc ndt twong duong bén trong c6 thé tinh tir cac gia tri tng suat roi rac tai cac diém nat cua hé
bing phwong phap gin ding Gauss.
- Trong qué trinh giéi bai toan dan hdi phi tuyén theo phwong phap lip, giita ma tran lyc ndt tuong
duong bén ngoai ¢ vong lap hién tai ludn c6 chénh Iéch véi ma tran luc nit twong dwong bén trong ¢
vong lap truéc. Gié tri chénh léch nay dugc dang lam tiéu chuan hoi tu dé giai bai toan phi tuyén theo
phuong phap lap.
- Khi bai todn hoi tu, ta nhan dwgc ma tran lyc nidt twong dwong bén trong gém cac thanh phén:

+ Tai cac nit khong c6 lién két: ma tran lyc nat tuong duong bén trong (do noi luc) la can bang
véi ma tran lyc nat tuong duong bén ngoai (do ngoai luc).

+ Tai cac nit c6 lién két: cac sb hang cua ma tran lyc nit tuong duong bén trong chinh 1a phan lyc

cua hé.
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