HA CHIM KET CAU DANG THANH LA VAT RAN DAN HOI,
DONG CHAT, CO TIET DIEN THAY BOI BEU VAO PAT

ThS. NGUYEN DAC HUNG
Ban Khoa giao Trung wong

1. Dat van dé
Trong thwc té, d6i khi chung ta gap trwdng hop phai ha két ciu cé tiét dién thay déi vao
dat, nhuwng chwa duwoc nghién ciru ki cad vé phuong dién ly thuyét va thwc nghiém. Trong
cobng trinh nay, tac gia gidi bai toan ha chim két cdu dang thanh dan héi, ddng chat co tiét
dién thay dbi déu vao dat, két ciu chiju lwc cdn mat dau va lyc cdn ma sat gitra mat bén, lwc
kich ddng gay ra do ghép hai may rung.
2. Thiét lap bai toan
2.1. Mét s6 gia thiét )
- Két cAu ngam hoan toan trong d4t va dich chuyén theo phwong thdng dirng.
- Déat dwgc coi la méi trwong dan hoi. Mat dat khong dich chuyén trong qua trinh ha chim
két cau.
- Lwc ma sat phan bd déu trén bé mat két ciu va ty & bac nhat véi van téc dich chuyén.
Chon hé truc oq huéng tr dudi l1én trén, gbc toa do 0 dat tai vi tri tring v&i mat mat dudi
cua két cau.
M6 hinh bai toan nhw hinh 1.
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i Hinh 1. Mé hinh bai toan
2.2. Mot so ky hiéu
01,92 - toa d6 trong tdm cha may rung 1 va may rung 2.



g — toa d6 mat cat ngang cua két cau khi khao sat.
u= u(q,t) — ham dich chuyén tai mat cat ctia két cau.
E- m6 dun dan héi cta vat liéu (kN/m?).
L- chidu dai cha két cau (m).
Ao- dién tich mat cat ngang cua két cau taiq=0 (m? )
A.- dién tich mat cat ngang cla két cau taiq=L (m? )
A dién tich mat c&t ngang tai mat cat c6 toa do q (m?).
- chu vi clia méat cét ngang tai mat cét co toa do q (m).
p khéi lwong riéng cta vat liéu lam két ciu (kg/m3).
h., h, —toa d6 trong tam cla hai may rung & trang thai can bang tinh (m).
my- khdi lwong ctia may rung thir nhét (kg).
m;, — khdi lwong ctia may rung thir hai (kg).
ms — khdi lwong cta két cau (kg).
a,- hé sb gidm chén cla lién két dan héi (kNs/m?).
— lyc ma sét gitba mat bén clha két ciu vai dat (kN).
k- hé sb can mét bén gitva dat véi két cAu (kNs/m?).
C;- hé s6 dan hoi ctia dat (kN/m).
C,.hé sb dan hdi cla 10 xo lién két hai may rung (kN/m).
P1, P, — bién do lwc kich déng cla hai may rung (kN).
o - tan s6 goc clia bd phan gay kich ddng rung (rad/s).
Céc tham s6: m,,m,,«,,C,,C,,R,,P,,k,@,h,h, 1& cac hdng sb dwong.
2.3. Thiét Iap PTVP dao déng cua két cau
Twédng twong cét két ciu bédi hai mat phang [s] va [n] vuéng géc véi truc, tach phan té do6
ra va khao sat sy dich chuyén cta né, hinh 2.
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Hinh 2. Phan t6 dé khdo sét sw dich chuyén

Goi u = u(q,t) 1a dich chuyén tiét dién tai [s] cia két cAu.

Tai mat cat [n] dich chuyén dwoc biéu dién dwéi dang: u +Z—:dq (1)
- Tai méat cat [s], lwc Py(q,t) tac dung vao két cau la:
P=EAqe = EQZ @)
EA,- do cirng cla két ciu khi kéo nén.
- Tai mat cat [n], lwc tac dung vao két cu la: P, ZZ dq (3)
Khéi lwong phan té dang xét cia két cau la: p A,dg
= lwc quan tinh cda nd 1a: pg= —pAqdq.g:l; (4)

Véi hinh dang tiét dién cla két ciu cu thé sé& chirng minh dwgc méi quan hé gitka dién tich
Aq va chu vi Dg cla tiét dién tai toa do q. & day chung tdi chon két cdu c6 dang hinh chép
cut tiét dién la hlnh vuéng dé tinh toan.

Goi aq la kich thwée mot canh cua A,.
Nhw vay: Dg= 44 ; A=aq
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8, =8+ 0 0; DAt V="t (6)

Suyraa,=ast v, A =a’; A =a’=(a,+vL)?

(7)

Dg=4a4= 4(aopt+vq) (8)
Lwc ma sat glwa phan t két cAu dang xét va dat la:
(’ijs = qudqa (9)
Ap dung nguyén ly Balambe, ta co :

pilp s+ Fugg Aqolqau kD,dg = 0 (10)

q q 6q 6 2 6
0 ou o%u ou
= —| EA, — |= pA, = +kD, — (11)
6q{ Aqaq} PA e TR
3. Giai bai toan
3.1. Giai phwong trinh vi phan (11)
Thay (7) va (8) vao (11) va bién dbi ta co:
2 2
E{ng:Hao +vq).aql;} =p(a, +vq).a—l;+4K.%ltJ
au ou_p % L4K au
.= = == (12)
< Vaq+(ao+VQ) E( va). T E a
. E 4k
bat: a= —;b:—;x:aq:ao+vq (13)
Jol E
Suy ra: @:V@:@:\,Z@ (14)
aq ox g ox’

Thay (13) va (14) vao (12) sau dé chia ca 2 vé ctia né cho xv? ta c6:
2 2
(?_L:+2 ou 21262+1b au (15)
X x ox ad? o’ x V2ot
Giai phwong trinh vi phan (15) bang phwong phap Furié.
bat u(x,t) = X(x).T(t) va thay véo tl‘,mg s6 hang cua (15), ta co6:
ou 82

vl =X (X)T(t) — = X"(X)T(t) = X (x).T(b); i = X (x)T(t). (16)

Thay (16) vao (15) va chia ca ha| vé cho X.T ta co:
X" 2X' 1 T 1bT
—t— — =t a7
o X x X alexv,T ) )
Vi x la bién s6 nén (17) chwa phan ly bién s6 hoan toan, néu ta thay x & vé phai cta (17)
bang X. :E(ao +a,) la gia tri trung binh trong khoang [ao,a.] (a0 la mdt canh cha tiét dién tai

g= 0; a la mét canh cla tiét dién tai q = L), thi x- s& 1& hang sb. Thay x- vao vi tri x & vé phai
phuwong trinh (17) ta co:

X" 2 X _ 1 T b T
RAERI A — —— (17)
X x X avi'T V2T

Vi x la 1 hang s6 nén PTVP (17°) dé
bé (17’) ludn dung véi moi x va t thi:

L
X*

phan ly bién sb hoan toan.



X" N 2 X' 1 b
X x X aiv* v
T& phwong trinh (18), c6 thé tach ra dwoc hai phwong trinh vi phan tuyén tinh cap hai
nhw sau:

— | =
— | =

1
- = const = -4’ (18)

X"+g X'+A2X =0 (19)
X

ba®
X
Giai phwong trinh vi phan (19)
Viéc giai (19) gibng nhw muc 1.2, trang 86, & [5].
Va nghiém cua (19) la:
COS AX sin Ax
X()=&— =48 1)

Gidi phwong trinh vi phan (20)

(20)

T+ T +a?v2AT =0

2
a‘h
Phwong trinh ddc trung cda (20) la:  r>+——r+a’v?i’ =0 (22)
21 \? 22
Az[a bj —4a%v?)? =a2(a E —4v2/12j (23)
a’b’

P 4v® )2 < - P a A Lia
- Néu W2 > 4v (A>0) thi phwong trinh (22) c6 hai nghiém thwc phan biét:

K

a’b  a [a’b?
rl’2:_2x*i§\/ X2 ~WE (<o)

nt

It

= Nghiém téng quat cta (20) la: T, =y, +y,e
. ap? 52 . ) _ a’b
- Néu ——=4v°1" (A=0), thi (22) c6 1 nghiém kép : [ =——_——<0
Xx 2X,
— Nghiém tdng quat caa (20) 1a: T, = (y, + 7,t)e™
212
. 212
- Néu— o <4V A" (A<0), thi (22) c6 2 nghiém phrc lién hop: r = a + ij;

a’b al, ,., awb’
a=->2B=2 |42 -
2X. p 2 X2

— Nghiém tdng quat cta (20) la: T, =e“ (3, cos Bt +y, sin ft)
3.2. Xdc dinh diéu kién dau va DK bién cua bai toan .
Cac dieu kién cla bai toan duwgc xac dinh & trang 84 cla [5], cu thé nhw sau: 0<qg<L
va 0< t<7 (tlathoigian ha coc).
Diéu kién dau: khit=0

u(Lo) = {@H0xCG) (24)
2mo
-C,H
ou(L,0) _a,G,0-C,H, D, (25)
ot 2m,
_ 2
Vé’| G2 — pZ(CZ me )

(C, —m0*)’ +ale®’



p,a,w

2 =
(C,-m,0?)? +alw?
Diéu kién bién:

Taiq=0, P,(0,)=Cu(0t) =  EA %

=C,u(0,t) (26)
Taiq=1L;
H
(pl +p, - CZZGZ -m,n’°G, —%jcoswt +

H . 27
N a,G,0 C, 2 _m,0?H, sma)t:EALM (27)
2 q
C,G H
D4t gl:(pl—{-pz_ 2 Z_meZGZ_azzzwj (28)
a,G,0 C,H
822( 222 _ 22 2_m2a)2H2j (29)
Thay (28) va (29) vao (27) ta co: ou(L,1)
. u(L,
g, cosat +¢&,sinwt = EA| T (30)

4. Tim ham u(x,t) thoa man céc diéu kién cho trwéc
4.1. Lwa chon nghiém T(t). .
Trong cac nghiém T,,T,,Ts, chi cé Ts la thod man cac dieu kién bién cla bai toan, do dé
thay Ts=T(t) vao cbng thrc u(x,t) = X(x).T(t), ta co:
COS AX sin Ax )
U(Xt) = & 7774 & = (7, c08 Bt + 7, sin f)e” @D

T (31), cho thdy thira s6 e bién thién trong khoang [1, e™ ] twong (*ng v&i t nam trong
khoang [0, 7].

Thay | va u(xt) = s;cosmt + gsinot vao (31), ta co:

COS AX sin Ax . - = i
G G (1, C0s [y sin )l G COSELEE S (32)

Dé co6 thé giai phuwong trinh (32) bang cach can bang hé sb, ta thay e™ bang mét gia tri trung
- 1
binh trong khoang [1, e*'], goigiatrido 1a | = E(:H e”).

4.2. Xéc dinh cdc hé sé bang phwong phdp can bang hé sé bat dinh
Xac dinh dao ham cua X theo bién q ki hiéu 1a X'(q) va T theo bién t ki hiéu /a T (t)
Buwa bién x tr& lai bién q bang cach thay x =aq+vq, ta co:

X(q) = &, cosA(a, +Vvq) g, sin A(a, +vq)
(a, +vq) (a, +va)
T(t)=e"(y,cosBt+y,sin Bt)
Pao ham X(q) theo q va T(t) theo t, ta co:
X (q) = 52230 +V0) ~ £]0s A(@, +va) = [£,4W(8, +VG) + &,v]sin A(a, +vQ)
= (a, +va)° (34)
T (1) = e“[(ay, + Br,)cos Bt + (ay, — By;)sin pt]

Khai thac cac diéu kién cua bai toan dé xac dinh céac hé sé
- Twr dieu kién dau (24) va (25) ta co:

(33)




D .
T(t)=y, Lcos/)‘t +sin gt [ (35)
D, —aD,
- Tw diéu kién bién (26) ta co: EA.X'(0).T(t)= C1X(0).T(t)
> EAX(0) = C1.X(0). Thay cac gia tri cu thé ctia X(0) va X’(0) vao biéu thirc va bién dbi

ta co:
&1= ué (36)
Ve Ea’AvcosAa, — (Ea,v + C,)sin Aa,
ol = -
H (Ea,V +C,)cos Aa, + Ea’Avsin Aa,
cosA(a, +Vvq)+sinA(a, +Vv
a, +V(q
- Tw diéu kién bién (27), ta co:
D . .
= EA X'(L)y, Lcos,Bt +sin gt |e” = g, cosat + &, sin ot (38)
D, —ab,
41,2
a E +4w?
X*
Diéu kién dé (38) lubn xayrala: f=w > A= v (39)

A la tAn sb dao dodng riéng cha két ciu.

Thay | vao vj tri cia e® trong biéu thirc (32); thay q = L vao (37) dé xac dinh X’(L), sau
do thay X’(L) vao (38) voi S = w.

Can bang hé so6 hai vé (38) theo cos va sin, ta duoc:

T ﬁDl
Cos EA X'(L)y,l. ———=¢
L X (L)y, D, —aD, 1 N a)—Dl _ & (40)
Sln 1 r D2 _aDl 82
EA X'(L)y,l =¢,
Thay (37) va (35) vao cdng thirc u(q,t) = X(q).T(t), ta co:
cosA(a, +Vvq)+sini(a, + Vv D .
u(q,t)zézu (3 +va) (@, q). ) P cosat +sinwt e
a, +Vvq D, —aD,
Vi &, 7 la nhirtng hang sb tuy y nén c6 thé 1ay 5, =1.
Tir d&ng thire EAXC (L)Y | =& suy ra: X'(L) = E‘;i?A (41)
L

Thay gia tri X’(L) t» dao ham (37) va A_ =a’ = (a, + VL) vao (41) ta dugc:
&v[(a, +VL)A — u]cos A(a, + VL) - [(a, + VL) pd +1]sin A(a, +VvL) = %

_ &
Elv[ia, —u]cosia, —[ula, +1]sin Aa,
Cudi cuing nghiém clia bai toan la:
cosA(a, +vq)+sin A(a, +V oD
u(q,t)=§2“ (a, +va) (8, q)[ 1
a, +Vq

= 52 (42)

.CoSs wt + sin wt |e”
D, —aD,

. 2
Gt =&, ucosi(a, +vq)+sin A(a, +vq) o oD, cosoot+| o — 2 D, sin oot le
a, +V(q D, —aD, D, —aD,

Nhén xét:



Dé xac dinh nghiém trong khoang [q;, q.1], ta thay gia tri trung binh x. b&ng gia tri trung binh

1 ; . ;
X; =—(a; +a,,,) la canh tiét dién nam gitra khoang [q;, qw1] (a: 1& canh cua tiét dién tai toa do q va

ai;1 1a canh cla tiét dién tai toa dd q.1). Mudn vay, ta chia chiéu dai L ctia két cAu thanh m doan bang

nhau [q|', Qg+ =L/m(m=1,2...).
Thay x; vao vi tri x & vé phai (18) va vao vi tri x- & cac biéu thirc, cac budc xac dinh T(t)

twong (rng v&i x; van gibng nhw xac dinh T(t) dbi v&i x..

- Pé xac dinh nghiém trong khoang [t, t:1], ta thay I vao vi tri cua I, voi
1 . . i _
I, ==(€“" +e™) ([t twa] = /n), viéc tinh toan twong tw nhu d6i véi 1 .
Téng két lai, nghiém cda bai toan la:
cosA(a, +vqg)+sin A(a, +Vv D .
u(q,t)zézu (3 +va) (8 +va)[ @D, .coswt +sinwt g™
a, +Vvq D, —aDbD,
cosA(a, +vq) +sin A(a, +V D ’D .
U(q,t)zﬁzﬂ (3 +vQ) + (8, +vq) o+—2 | cosat+| o ——2 =1 |sin ot e
a, +vq , —oD, D, —aD,
Trong cac codng thirc da dwoc dan ra cac ky hiéu:
4k a_—a
a=_|—:b="; v=—"-—Cq; A =a’; A =a’=(a,+VL)’.
p E L
2
_(@H,0+CG) L a,G0-CH, _ o __ P.(C,mmeT)
2m, o* " 2m,o 2T (C,-me?) ale?
P, 2 a,H,0
= c & = +p, — oG, ———|;
2(C,-m0*) +alw® ! P P, 2 2
a,G,o C,H
£, = 220 Ly 2—m2a)2H2
2 2
Néu xét trong khoang [0, 7 : & %2 1 l(1+e"”)
- Néu xét trong khoang [0, 7] : &, = —= - ==
*  EW[aa, - ulcosia, —[uda, +1]sinAa, 2
. &
- Néu xét trong khoan t,  t.a] = 2 - :
S 9 [ Gl %= vlAa_ - ulcosia, —[ura, +1]sinAa,
:E(em{j+1 +eatj)
_ EajAvcosia, — (Eayv +C,)sin Aa,
(Ea0v+ C,)cosAa, + Ea’ Avsin Aa,
- Néu xét trén khoéng [0, L]:
4b2 +4
X _\a'? +40’x?  L16K? +0’pl(a, +a,)’ 1
A > ; Xe==(a,+a.);
2av 2avx. JE(@%-a?) 2
2
=—— ,B_— oz 20

X*



- Néeu xét trén khoang [ai, Qi+l

a’b’ +40°
P a4’ LJ16K? +0?pi(a, +a,,)’ | X, = =(a +a.,):
L 2av. 2avx, B VE (a7, -a7) | A
a’b a 242 a’b’
A= P _2W
5. Két luan

T4ac gid da xac dinh dwoc u(qg,t) va u(g,t) dwdi dang nghiém giai tich. Dwa vao két qua cda bai
toan c6 thé 1ap chwong trinh may tinh xac dinh ham dich chuyén tai mét cat trung binh cla két cau,
trong khodng thoi gian ha chim két cau [0,4; hodc mat cat trung binh trong méi doan cua két cau [q;,
gia], trong khoéng thoi gian [t, t.1]. Dwa vao chiéu van téc cta U, co thé xac dinh duoc diéu kién dé
két cAu dich chuyén vao dat, ding yén hay bj nhé 1én.
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